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Diffraction of Kelvin waves at a sharp bend
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Department of Mathematics, University of Surrey

(Received 10 November 1967)

A closed form solution is obtained for the linearized problem of the diffraction
of Kelvin waves by a sharp bend on a rotating earth. It is shown that for the
frequency w of the incoming wave less than f, where 1f is the angular velocity
of rotation, the wave is transmitted around the bend without change of ampli-
tude. For w > f the amplitude is in general reduced but is unaltered for the
special angles 77/(2n+1). For these special angles the solution is obtained in
elementary terms.

1. Introduction

The diffraction of a Kelvin wave at a right-angled bend in a straight coast line
which bounds a sheet of water of uniform depth rotating with constant angular
velocity about a vertical axis has recently been considered by Buchwald (1968)
using a Wiener—Hopf technique.

His method is only directly applicable to the case of a right-angled wedge and
it is therefore desirable to consider the wave field due to an incident Kelvin wave
for a wedge of arbitrary angle.

In this paper, the solution is obtained using a method employed by Williams
(1959) and extended by Faulkner (1965) for problems concerning the diffraction
of electromagnetic waves by wedges. The method depends on choosing a suitable
contour integral representation for the solution and reducing the boundary-
value problem to the solution of a difference equation. If the frequency of the
incident wave is w and the angular velocity of rotationis 1f, then the solution and
choice of contour depend on whether « is less than or greater than f. In both cases
the solution may be expressed in terms of the double gamma funection.

Despite the fact that some of the analysis is complex it has been found possible
to obtain elementary expressions in each case for the transmission coefficient 7’
defined as the ratio of the amplitude of the transmitted wave to that of the inci-
dent wave. For w < f, T' = 1; that is Kelvin waves are propagated round a corner
of any angle without change of amplitude. This agrees with Buchwald’s result
for the special case of a right-angled wedge. For w > f, T < 1, where equality
occurs at all frequencies for wedge angles 7/(2n + 1) (n a positive integer) and for
these angles only. The dependence of 7' on the wedge angle is shown graphically
for several values of f/w. Buchwald has not calculated 7' for w > f for his special
case of a right-angled wedge, but the calculation can be made and the result is
found to agree with the general expression.
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Ifforw > f, T = 1, which, as we have remarked, only occurs for wedge angles
7/(2n + 1), then from energy considerations there can be no outgoing cylindrical
wave, and it is shown that for these wedge angles the solution does not in fact
possess a cylindrical wave contribution. Further, for this case, the solution can
be written down in elementary finite terms consisting of the incident and trans-
mitted waves together with (n— 1) Kelvin waves and » Poincaré waves which
are attenuated within and along the wedge.

It should be noted that the problem of diffraction of an incident plane wave is
identical to the problem of electromagnetic scattering treated by Faulkner
(1965). This problem has also been treated by Roseau (1967) who seems unaware
of Faulkner’s work.

2. Formulation of the problem

Consider a plane horizontal sheet of water contained between two vertical
planes forming a wedge of angle y. In the undisturbed state the water has a
depth % and the whole system has a uniform rotation %f about a vertical axis.

The problem is most conveniently stated in terms of a cylindrical polar system
of co-ordinates (r, 8, z) rotating with the wedge, such that the edge of the wedge
is the z-axis, the base of the sheet is z = 0, and the bounding planes are ¢ = 0 and
6 = . If, in the disturbed state, the equation of the free surface is z = & + £, then
the linearized long wave equations are,

at'—f%:,z'—ggn
e 95
h+fu=—"&, (2.1)
hi{o _. . ov) 2
and ;{37(W)+55}+§: =0,

where %(x,y,1t), 5(x,y,t) are the horizontal radial and transverse components of
velocity.
Assuming {(z,y,1t) = {(x,y) e, and similarly for % and v, it is easily deduced

that f
hk?u = iw§,+; &os (2.2)
hew = —fL+22¢,, (2.3)
and (V2+k2)¢ = 0, (2.4)

where k2 = (w?—f?)/c, and ¢§ = gh.
Our boundary-value problem is therefore to find a solution of (2.4) such that
o _iv o
! or r 0
and such that the incident wave is an incoming Kelvin wave along the boundary
6 = y. Such a wave of unit amplitude is given by
Lo = exp [tkr cos (0 —v —A)], (2.6)

where f = icoksin A and = cyk cos A.

=0 for 6=0,v, (2.5)
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In order to obtain a solution of this boundary-value problem we follow
Williams’s approach and assume that { may be defined by

¢ = J‘ f(v,0)exp [ —tkrcosv]dy, (2.7)
c

if the contour C and function f (v, ) are suitably chosen. It is also necessary at this
stage to distinguish between the two cases w > fand w < f.

Case I. w > f. Here k is real and A is purely imaginary, say A = —iA,, where
A, is real, so that in this case

f=coksinhA, and o = cykcoshA,. (2.8)

Case I1. w < f. Here k is imaginary, say k = —¢K (K > 0), and A is of the form
A = }m—1A,, where A, is real. Hence in this case

f=cyKcoshA, =icykcoshA; and o =cyKsinhA; =icoksinhA,. (2.9)

In the case w > f the choice of contour is identical to that of Williams and
Faulkner, and the problem differs from that considered by Faulkner only in the
nature of the incident wave.

The case w < f, however, requires a different choice of contour and this will
be discussed in due course.

3. Solution for the case w > f

We look for a solution of the form (2.7) in which £k is real, where f(v,8) is a
continuous, analytic function of v and C is a contour which lies entirely in the
strip — 37 < #Av < 3m, with end-points at —ico— 47 and —éoo+ $7, and such
that it lies below all singularities of f(v, §). In order to ensure the uniform con-
vergence of the integral and the integrals obtained by replacing f(v,8) by its
first or second derivative with respect to 0, it is necessary to make further
justifiable assumptions concerning the behaviour of f(v,8), the details being
given in Williams (1959).

It is then found (1959) that (2.7) is a solution of (2.4) if

f,0) = g:(v+0) +g.(v—0), (3.1)
where ¢, and g, are arbitrary functions.
If we write
J, o= f gv+ O exp[—ikrcosv]dy,
c
[ .
then o = ik | cosvg(v+6)exp[—ikrcosv]dy, (3.2)
c

whilst an integration by parts gives

S =ik [ siny (v 0)exp [~ ikrcosar. (3.3)
C
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It therefore follows that the boundary conditions on 6 = 0, y are satisfied if

(wsin v +if cos v) g;(v) = (wsin v —if cos v) gy(v),

and (wsinvy +ifcosv)g,(v+v) = (wsin v —if cos v) go(v — v),
or equivalently sin (¥ — A)g4(v) = sin (v + A) g,(v), (3.4)
and sin (v — A)gy(v +7y) = sin (v + A)g,(v — 7). (3.5)

From (3.4) and (3.5) we find that a solution of (2.4) satisfying the boundary
conditions (2.5) is

{= f {Gv+0)+ K(v—0,1)G(v—6)}exp [ —ikr cos v]dy, (3.6)
¢
where G(r) = Gv+2y) K(v+7, ) K(v, — A), (3.7)
oy Sin(r—A)

The problem is thus reduced to finding that solution of the difference equation
(3.7) which gives the correct behaviour for { at infinity. That is, for large values
of r, the solution must consist of the incident Kelvin wave, a transmitted Kelvin
wave and an outgoing cylindrical wave.

The normal saddle-point method shows that the saddle point at » = 0 gives an
outgoing cylindrical wave, whilst the saddle point at » = 7 gives an incoming
cylindrical wave. Using the argument in Williams (1959), the term arising from
v = 7 vanishes if G(r) satisfies the subsidiary condition

G(v)sin (v —A) = —G(2r—v)sin (v + A). (3.9)

Again using the argument in Williams (1959), the condition that { should be
finite for large r implies that the integrand of (3.6) must have no poles in the strip
S v < 0,0 < %v < 7. Finally, there must be poles on S£v = — A, to provide the
Kelvin waves and the integrand of (3.6) must satisfy the convergence require-
ments referred to above.

Now the most general solution of (3.7) which satisfies (3.9) is G(v) = H,(v) H(v),
where H(v) is a particular solution and H(v) is such that

Hy(v) = Hy(v+2y), (3.10)
and H(v) = Hy2m—v). (3.11)

A particular solution of (3.7) may be expressed, as in Faulkner (1965) in terms
of the solution F(v) of the subsidiary equation

sin (v +A) F(v) = sin (v - A) F(v + 2y). (3.12)

Such a solution is clearly
H,(v) = F(v+7y)/F(v). (3.13)

We now put v = 2y, A = 2yu and F(v) = F(2yy) = I(5). Equation (3.12)
then becomes i tay(y + 1 1) = sin [2y(1— 11 (1 +1). (3.14)
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Consider the function I(y) defined by

M +T—q—p, 7] My —p, 7]

1) = 3ttty 7=+ p A\ My 5 77

(3.15)

where M(v,d) is Barnes’s (1899) double gamma function which satisfies the

differencerelation Mw+1,8) = T(v/8) M (v, 5), (3.16)
and 2yT = 7.
From (3.15) and (3.16) we obtain

It) Dy +pn)TA—[n+plfr) _ sin2y(p—p)

In+1) T(p—pln)PA—[n—pl/r) sin2y@+p)

It therefore follows that I(y) defined by (3.15) is a solution of (3.14). Inspection
of (3.15) shows that Itn) = Il +7—7), (3.18)

(3.17)

and by using Barnes’s formula

M@w+1,7) = 2m)rDri—T(v) M(v,71), (3.19)
we obtain I(g) = :%%77;—5; I(p+T1). (3.20)

Returning to our original variables we therefore have that the function F(v)
defined by (3.15) satisfies (3.12) and the relationships

F) = F2y +7—»), (3.21)
and F() = :_1%‘;% Flo+7). (3.22)

TFrom equations (3.12), (3.21) and (3.22) we may show that
Hy(v) _  sin(r+A)tant{A+ (27 —v)—m}

H,(2m—v) sin(v—A) tanT{A+v—m}

(3.23)

Hence if we put H(v) = Hy(v)tanT(A+v—m), (3.24)
then H(v) satisfies (3.9). Further, since H,(v) is a solution of (3.7) and
tanT(A+v—m)

is a solution of (3.10) it follows that H(») is also a solution of (3.7).

Hence H(v) is a particular solution of (3.7) which satisfies (3.9).

It now remains to choose Hy(v) so that the integrand of (3.6), which in view
of (3.9) may be written in the form

{= f {G(v+0)—G(2n+0—v)}exp| —ikrcosv]dyr, (3.25)
¢

has no poles in #(r) = 0, 0 < #Z(v) < 7, and such that the remaining conditions
at infinity are satisfied.

In considering the behaviour of ¢ for large values of 7 it is necessary to deform
C into the saddle-point curve illustrated in Williams (1959). The integral over the
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saddle-point curve gives the outgoing cylindrical wave, whilst the Kelvin waves
are given by the residues at those poles on f» = — A, which are captured in the
deformation. A wave will be outgoing if the pole lies in #v < 0, —im < #v < 0,
and incoming if the pole lies in #v < 0, 7 < #v < 7. For those values of ¢ for
which a pole lies within either of these strips or the strip £v > 0,0 < #v < n, the
corresponding wave is exponentially damped. The wave is purely trigonometric
and incoming if it lies on #v = 7, and purely trigonometric and outgoing if it
lies on Zv = 0. Hence the incident wave (2.6) corresponds to a pole at

v=n—0+y+A,

which liesin Fv < 0,7 < #v < $for0 < 6 < yand on Hv =7 for 6 = .

It is now easily verified that all the remaining conditions are satisfied with
H(v) = constant.

For, since the zeros of M(z,8) are at z = —(mé+n), m,n = 0,1,2..., it follows
that the poles of H(v+6) are at

v=—(m—-1mr—A—60—(2n+1)y, (3.26a)
v=(m+2)mr—-A-0+2(n+1)y, (3.260)
v={m+1)m+A-0+2n+1)y (3.26¢)
and V= —mm+A—0-—-2mwy. (3.264d)

Similarly, those of H (27 -+ 6 —v) are at

V= —(m—1Dam—A+6—(2n+ 1)y, (3.27a)
v=(m+2)r—-A+0+2ny, (3.270)
r=(m+1)r+A+0+2n+1)y (3.27¢)

and v=—mr+A+0—-2(n+1)y. (3.27d)
Bearing in mind that in this case A = —iA, (A, > 0) we see that there are no

poles in the strip .£v < 0, 0 < #v < 7. Also, any pole captured in the upper half
plane will give a damped wave, so that poles of the sets (a) and (b) may be ignored
in discussing conditions at infinity, as may any pole in the lower half plane which
does not lie on #v = 0 or #v = m. The only poles which give a finite contribution
at infinity are (3.26¢) with m = n =0 and ¢ = y, and (3.26d) with m =n =0
and ¢ = 0. The first clearly gives the incident incoming wave along 6 = y, and
the second is the transmitted Kelvin wave along 6 = 0.

It therefore follows that H(v) is an analytic function having no poles and
bounded at infinity, i.e. Hy(r) = A, where 4 is a constant.

If the incident wave (2.6) is of unit amplitude then A is determined from the

equation omiR, = 1, (3.28)
where B, is the residue at v = 7+ A+7y —6 of

(G +6)—G2m+6—v)}.
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Simple manipulation shows that

R, = AlimwH(w+7+A+7y). (3.29)
w->0
The complete solution of the boundary-value problem for the case w > f is
thus given by

(=4 fc{H(V+0) ~ H(2m+0—v)}exp [ —ikrcosv]dy, (3.30)

where A is given by (3.28) and H(») is given by (3.24), (3.13) and (3.15).

4. Solution for the case v < f

We again assume there is a solution of the form (2.7), or equivalently, since in
this case k = — 2K, of the form

g:j f(v,0)exp[— Krcosv]dv. (4.1)
¢

It will be assumed, as in §3, that apart from poles f(v,8) is a continuous,
analytic function of v and is such that all integrals occurring are uniformly
convergent. The contour C is chosen to be the line Zv = — 7, with end-points
—317—i00 and — }7+1ic0, indented at v = — {7 +4A; so that the two points lie
to the right of the contour. It will be seen later that the indentations are necessary
in order that poles of f(v, §) do not cross the contour for certain values of 4. If this
were to happen then { would be discontinuous and this is avoided by indenting

C.
It then follows from §3, replacing k by —iK, that a solution of

(VE—-K3){ =0 (4.2)
satisfying the boundary conditions (2.5) is

= f {Gv+0)+K(v—0,2)G(v—0)}exp [ — Krcosvidy, (4.3)
c

where G(v) satisfies the same difference equation (3.7) as before and K(v,A) is
given by (3.8).

The problem is thus reduced to finding that solution of the difference equation
which gives the correct behaviour for { at infinity. Applying the saddle-point
method to the contour integral (4.3) the relevant saddle point is at v = 0 and the
corresponding steepest descent curve is the imaginary axis. In deforming C into
the imaginary axis certain poles of the integrand will be captured and ¢ will be
given by the integral over the steepest descent curve together with terms
arising from the captured poles. For large values of r the integral over the steepest
descent curve is of the form Ar—}exp (— K7) so that in this case there is no cylin-
drical wave and the subsidiary condition (3.9) is not required. The residues at the
poles captured in the deformation which lie in — 17 < #v < 0 produce terms
which are exponentially damped. Purely trigonometric waves will be given by
capturing poles at v = — 7 + 1A, that at v = — {7+ 4A; being outgoing and that
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at v = — }m — 1A, being incoming. The incident Kelvin wave (2.6) must therefore
correspond to a pole at v = A+y—6—7, and the transmitted wave to a pole at
v = 60— A. These poles, in view of the indentations, will lie always to the right of
C and will be captured in the deformation.

Our object is therefore to construct a solution of (3.7) for which the integrand
of (4.3) has the correct poles. Since we have already shown that H,(v), as given
by (3.13), is a particular solution of (3.7) the most general solution is

G(v) = H,(v) Hy(v), (4.4)

where H(v) is bounded at the end-points of C and satisfies (3.10).

The problem is thus reduced to finding H () such that any inadmissible poles
of the integrand are cancelled, and, if necessary, poles corresponding to the
incident and transmitted waves are introduced. Now it follows from (3.12) and
(3.13) that sin (v 4 A)
H(vyH,(v+7) = sin (7= A)’ (4.5)
and from (3.13) and (3.21) that

Hi(m+v)H (y—v) = 1. (4.6)

Hence (4.3) may also be written in the form
{= f {H,(v+6)Hy(v+ 0)+ Hy(v— OY Hy(m + 6 — v)}exp [ — Krcosv]dy. (4.7)
C

Since the zeros of M (z,8) are atz = — (mé+n),m,n = 0, 1,2, ..., it follows that
the poles of H,(v+6) are at

v=—(m+{7+ird,—(2n+1)y—0, (4.8a)

v=(m+37T—iA,+(2n+1)y -0, (4.85)

v=(m+H7+il+2(n+1)y—0 (4.8¢)

and v= —(m—3T—id;—2ny—0. (4.8d)
Similarly, those of Hy(7m+ 6 —v) are at

v=—(m+37+iA;— 2n+1)y+0, (4.92)

v=m+37—IiA+(2n+1)y+6, (4.95)

ve=(m+Hm+id;+2ny+0 (4.9¢)

and ve= —(m—3Nr—-9A;—2(n+1)y+0. (4.9d)

Of these the inadmissible poles are

v=3dm—iA ~2ny -0, (4.10)

v=43m—iA,—2(n+1)y+6, (4.11)

v= —3mr—id;—0 (4.12)

and v= —Lim+id,—y+0. (4.13)
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The poles (4.10) and (4.11) are cancelled if Hy(v) has a factor tant(v—A), the
pole (4.12) by a factor tan7(y— A +7) and the pole (4.13) by a factor

tanT(v+A+y) = cotT(v+ A).

It is now easily verified that these same factors introduce the required incident
and transmitted waves and that the solution is given by

Hyv) = A’ tant(v—A)tan7(v — A+ m)cot 7(r + A), (4.14)

where A’ is a constant. Clearly Hy(v) is bounded at the end points of C.
With this choice of Hy(v) a straightforward calculation taking account of the
cancellation of poles and zeros shows that the poles of Hy(v+ 0) H,(v+ ) are at

ve=—(m+3r+id,—(2n+1)y-0, (4.15a)
v=(m—%m—iA+(2n+1)y—0, (4.15b)
v=(m—})7+il;+2(n+1)y-0 (4.15¢)
and v=—(m+37—iA, —2ny—0. (4.154d)

Similarly, those of Hy(v — 0) Hy(m + 6 —v) are at

v=(m—-§)7m+id,+2ny+0, (4.16a)
v=—(m+3)m—iA;—2(n+1)y+0, (4.165)
v=—(m+3)7+iA,—(2n+1)y+0 (4.16¢)
and v=(m—37—il{+(2n+1)y +0. (4.16d)

The only poles giving a finite contribution at infinity are (4.15b) withm = n = 0
and 6 =y, and (4.16a) with m = n = 0 and 0 = 0. The first clearly gives the
incident wave along 6 = v, and the second is the transmitted wave along § = 0.
Any other pole either lies to the left of Zv = — 37 and may be ignored in dis-
cussing conditions at infinity or gives rise to a damped wave if it is captured in
the deformation.

The required solution is therefore given by (4.3) with

Gv) = A" Hy(v)tant(v — A)tan 7(v — A +7) cot 7(v + A), (4.17)

or, since from (3.13) and (3.22)
H,(m+v) = H(v)tan7(v — A) cot 7(v + A), (4.18)
by G(v) = A'Hi(m+v)tant(v — A+ 7). (4.19)

In this case if the incident wave (2.6) is of unit amplitude then A’ is determined
from the equation 2miR: —

(4.20)
where Rj is the residue at v = A+y— 6 —m of {G(V+ 0)+ K(v—0,A)G(v—9)} that
is R] = lim{wG(w+A+y—m)}. (4.21)

w—0
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5. The asymptotic solution

In the derivation of our solutions we have already discussed in some detail the
form of the solution for large values of 7. In both cases, for sufficiently large values
of r, the solution consists essentially of the incident trigonometric wave along
the wall @ =y and a transmitted trigonometric wave along ¢ = 0. Since the
ratio of the amplitudes of the transmitted and incident waves for large values of
r is the quantity of chief physical significance we devote this section to its
calculation.

We consider first the case w > f. Let the transmitted wave be

Bexp[—ikrecos(0—A)]
when the incident wave is given by (2.6), then
B = 2miR,, (5.1)
where R, is the residue at v = A — 6 of {G(v +0) — G(2m + 0 —v)}.

Now By, = Alim wH(w+A),
w—>0
so that from (3.28) and (3.29) it follows that
. H(w+A)
B=lim. 10
wl_IgH(w+7T+/\ +7y)
I\ —
— lim Hi(w+A) tan7(2A — )

w0 Hi(0+7+A+7y) tanT(2A +7)
1 1
= tallr(ﬂ—2A)tan2TAlimI(77+#+ DIg+r+p+3d)
o I+ I +7+p)
Using (3.15), this becomes, after some reduction,
B = —tan7(m—2A)tan 27A

M3 +7—2p, 71 M[2p, TI M} — 20, T) M[L + 7+ 24, 7]
M} 7420, T M[—2p, T M[L + 20, 7] M[1+7—2p,7]"

Since in the part which involves the double-gamma function the numerator
and denominator are conjugate functions, we have

|B| = |tanT(m— 2A) tan 2A7|. (5.2)

In view of the linearity of the problem this is clearly the required transmission

coefficient 7.
A similar, but rather more complicated, calculation can be made for w < f. In
this case if the transmitted wave is B’ exp [ — K7 cos (0 — A)] then

B = —2miR), (5.3)
where Rj is the residue at v = 0 — A of {G(v+0) + K(v— 0, 1) G(v — 6)}. Now
R, = lim {sin (w — 2A)G(w — A)},

w—>0



Diffraction of Kelvin waves at a sharp bend 527
so that from (4.20) and (4.21) it follows that
B = lim sin (0 —24)G(w—A)
T o0 0@+ A+y—m)
— sin (w — 2A) Hy(w— A +m)tan7(w—2A + )
= wH (0 +A+y)tant(w+7)

Hym—A)
HA+7)

= 78in 2A tan 7(m — 2A)

Hence, using (4.6),

| B’| = 7sinh 2A, tanh (7A,/y) |H3(m - A)|. (5.4)
I 1
Now H(m—A) = Itﬁii;

_ M[%-i—T—Z/,L,T]M[%, T]M[l +21U”T]M[T7T]
T MU+ 2u, I M3+ 1,1\ Mlr— 25, 7] M[1, 1]

or making use of Barnes’s formulae (3.16) and (3.19),
[(L— 7+ 20) P(L— [20/7]) M[§+7— 21, T MTL =7 + 20, 7]
PG —71+20) P Q) M3 —7+2p, T M[1 +7—24,7]

Since T —2u = 1A,/v, it follows, as before, that the part involving the double-
gamma function in (5.5) is of unit modulus and

H(m—A) =

(5.5)

A PA =AY y]) DA yT)
| B =] = ) T PG — fiAgy)

_ I Didy/yn) ) \
7sin (imA[y) D(EA/y) T (G — ALY ]
Hence
IH (77,__/1)12 —_ m . (/\1/7) Sinh (ﬂ/\l/’)/) ]"»V_ e ’
! 72s8inh? (A, /y) (Ayfy7) sinh (wAy[y7) [ D(3— [A4/y]) T'(§ + [iA4/7])
= T cosech ™ cosech 24, sinz(}—[iA)/7]) ‘
T 0% m
= (T sinh 2A, tanh E/h) _1.
Y

Thus from (5.4) |B|=1=T. (5.6)

It follows that for © < f the incident wave is transmitted around a corner of
any angle without change of amplitude.

6. Discussion
For the special case y = 3, or 7 = 1, we have from (5.6) and (5.2)

T=1forw <f, (6.1)

4f%?

and = [tan22A| = (£ wy

for >f. (6.2)
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This is the problem considered by Buchwald (1968). He has calculated the
transmission coefficient 7' only for the case w < f and his result is identical to
(6.1). He has not, however, given the result for » > f, but the corresponding
calculation can be made and the result agrees with (6.2).

The result (5.6) for w < fshows that the transmission coefficient is unity for all
wedge angles. This may also be obtained from energy considerations, since for
o < fthe energy contribution from the diffraction term is evanescent.

For w > fit follows from (5.2) that

_ {cosh 27Ay/y — cos nz/y)% A,
B (é'f)sh 27 Ay [y + cos 2|y ta h7’ (6.3)

where tanh A, = f/w. Hence

cosh 27A,/y +1

= (cosh 272,y —1

with equality if and ounly if y = 7/(2n +1).

We have seen that for & > f there is in general an outgoing cylindrical wave

whose energy contribution at a large distance is finite, so that for the special

wedge angles 7/(2n + 1) there can be no cylindrical wave. Indeed, for these angles
and @ > f, it can be shown that

cos(n+3)(¥—A)sin (v +A) ﬁ sin (v+[2r7/(2n+1)]+A) (6.5)
sin(n+3) (v +A) sin(v—A) 2y sin (v+ [2ra/(2rn+ 1)1 - A)° )
In this special case, of course, (3.7) can be solved directly to give the above

expression. It follows that H) = H2m+v), (6.6)

and thus from (3.30), by applying the saddle-point method, there are no
cylindrical waves. Further, in this case, it may be verified that

)gtanh% ~1, (6.4)

Hy)=—

= % a,, exp [ —ikr cos (6 + 2my — A)]+ ﬁ" b exp[—ikrcos(0—2sy+A)], (6.7)
m=0 §=1

where y = 7/(2n+ 1) satisfies all the conditions provided

a, =1,
n-lgin{(2s+1)y—2A} sin 2(s+ 1)y
2 s2sH L)y —2A s As + 1)y =0.,1,...,(n—1
=l e y—2sm@s+ 1)y = 0L g
b, = Sm2MY = 0,1, ..., (n—1)).

m = Ymin (Zmy — 2A)
The a,, terms are Kelvin waves, the incident and transmitted waves being given
by m = n, 0 respectively, and the b,, terms are Poincaré waves and attenuated in

the fluid region.
From (6.8)
nlgin{(2s+1)y—2A} _m=lsin{2(s+1)y+2A}
azosin{2(s+1)y—2A}  osin{2(s+1)y—2A}°
and this result can also be shown to follow from (6.5). It is easily seen that
T=|B|=1. (6.10)

ao = B = (69)
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In order to show the dependence of 7' on frequency and wedge angle for
w > f, as given by (6.3), we have plotted 7' as a function of the wedge angle for
four typical values of f/w. Figure 1 shows the variation of 7' with wedge angle
for flo = 4%, 2, 2 and }, where the first of these corresponds approximately to
the semi-diurnal M, tide at the entrance to the North Sea. For a given angle not
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F1cURE 1. Graphs of T' as a function of the wedge angle for f/w = Méﬁ, %, 2 and 1.

equal to 7/(2n + 1) the amount of energy converted into Poincaré and cylindrical
waves increases with increasing frequency. For small values of the wedge angle
the graphs oscillate rapidly, due to the fact that for wedge angles #/(2n+ 1)
energy is transferred completely to the transmitted Kelvin wave, and thus for
small angles the amount of energy transmitted is very critical, especially at high
frequencies.

It is of interest to note that there is a marked minimum in the amplitude of the
transmitted wave in the neighbourhood of i, which is the case treated by
Buchwald, and that in view of the complete reflexion at all frequencies for a
60° corner a Kelvin wave could be propagated round a sufficiently large equi-
lateral triangular basin with very little attenuation.

The authors would like to thank the referee for suggesting a fuller discussion
of the solution. This led to the discovery of the closed form solution for the special
wedge angles 7/(2n + 1).
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